Abstract
INfRODUCTION
Beginning with the suggestive form of the Dirac equation for massless tw<xomponent fermions
As can be readily verified, the integrability condition [Ll, Lz] 'P = 0 yields the anti-self-duality relation.
Veno and Nakamura, (Z) on the other hand, use the system (D4 + in .(J') u = 0, (la) (4) 
where here
Belavin and Zakharov( l) derived a system of linear partial differential equations, the "compatibility condition" for which is equivalent to the nonlinear self-duality relation for the Yang-Mills fields. Here, Dj = OJ + Aj, and the Aj are matrices obtained from the gauge potentials and generators of the associated Lie algebra. They noted that these equations correspond to the self-duality and anti-self-duality relations Fllv = ±*FIlV, respectively, and then looked for solutions of the form 
where 'P (A., x) is a 2 x 2 matrix function belonging to the "isotopic 
406
The latter equation represents the self-duality relation in a form introduced by Brihaye et ai. (3) The principal purpose of this paper is to illustrate how the use of differential forms can clarify the origin of the anti-self-dual gauge-field equations. It is also explicitly shown that the form of these equations used by Belavin and Zakharov and Veno and Nakamura correspond to different representations of the self-duality relations. While this work is essentially didactical in nature, since XI . X2 = 0 and xl = xi = 1.
In terms of the null coordinates Y, ji, z, i the exterior derivative of CO is written as the use of differential forms allows the systems of linear partial differential equations used by these authors to be derived in a unified way. co . (a r~) = (co /\ a) .~.
(ll) *a = (-1)Pa r cr.
A /\ Il = (*1.. 'Il)cr, *1.. such that
The duality operator has important geometrical consequences in e4 , where **a = a. If the * operator is applied to 2-forms, the two eigenspaces corresponding to the eigenvalues + 1 and -1 of the * operator give rise to the concept of self-duality and anti-self-duality.
Comparing this result with the definition of the duality operator and restricting consideration to e4 leads to the identification where cr is the n -dimensional volume element of the space.
The duality operator can also be defined in terms of step products with the volume elements cr. (The Illinois Institute of Technology conventions are used for the step products; see Ref. 5 .) The step product a r~between a p -form a and a q -form~, where q >p, is defined as that (q -p ) -form co such that Replacing the q -form~with the n -form volume element cr and using the general relation a /\~= (-1)pq~/\ a results in
where cr = (Xl, X2, X3, X4) and E = diag (1, 1, 1, 1) . Under a Unital)' 
A BASIS FOR SELF-DUAL AND ANTI-SELF-DUAL

TWO-FORMS
In the following we will be concerned with 2- Null vectors and hypersurfaces are introduced as generalizations of their real counterparts.
Throughout the following sections use is made of various forms of the duality or Hodge star operator *. While this operator is usually defined for real differential forms, the concept is readily extended to complex differential forms. The * operator maps p forms onto (n -p ) -forms and has this property: the subspace of *co is orthogonal to the subspace of co. Although the * operator is defined locally, it is independent of local coordinates but does depend on the existence of an inner product and on the orientation of the space.
Let n be the dimension of the space, A ap -form and Ilan (n -p) -form.
Then for a suitably defined inner product, there is a unique (n -p ) -form Self-Dual Gauge-Field Equations from a Differential Fonn Point of View and since U is unitary,
.
TIlE GAUGE POTENTIAL AS A CONNECTION FORM
A gauge potential may be interpreted as a connection with an associated covariant derivative operator. Such an interpretation has been discussed by many authors and will therefore not be treated in detail here. (7) Consider a four-dimensional complex, analytic and locally Euclidean
) be a basis for vn and dual 2-forms. (6) Noting that the diagonal elements in both cases differ by an overall sign, a basis for self-dual and anti-self-dual 2-forms is given by (17) y : = Jz (XI + &x2) ;
with (Jo the 2 x 2 identity matrix and (Ji the Pauli spin matrices in the representation Note that y is not the complex conjugate of y since the Xi are complex. These coordinates arise naturally when considering the 2 x 2 matrix representation of a point in C4 given by
x3 -&x4). (16)
The null coordinates y, y, z, i are then defined by be a basis for the dual space vn *. In a new basis \{I' is related to \{I by the transformation \{I' = Xg-, where for the sake of generality it is assumed
For a given gauge potential A~(x) , define the connection form A by ( 0 1)
Writing out the expression for X, we obtain in terms of Eqs. (17)
Let xt = Xl (this becomes the usual Hermitian conjugate in real space):
where the Aa are the generators of the gauge group. Then for a gauge potential to be interpreted as a connection form means that
The matrices X and Xt can be used to define the I-form matrices dX and dXt. The I-form elements of these matrices are such that the only nonzero step products( 5) are or, alternatively, d\{l = -A \{I. The transformation property of the connection form A can be readily found from \{I' = Xg-,
where
The exterior products between dX and dXt (here and in the following the exterior or wedge product symbol /\ is omitted) can be used to define a basis for self-dual and anti-self-dual 2-forms:
constitutes a gauge transformation.
The curvature 2-form F is readily obtained from Eq. (26)
Here, the duality operation is defined as *(0 = -(0 r dydy dzdi, where (0 is one of the above two-form matrix elements, and dxl dx2 dx3 dx4 = -dydYdzdi. It can be seen that the elements of dXdXt form a basis for anti -self-dual two-forms while the elements of dXtdX form a basis for self-
TIlE SELF-DUALIlY EQUATIONS
Ward, (8) drawing on twistor theory, (9) introduced the use of anti -selfdual planes in C4 In finding the self-dual components of F = d4 + M it is important to remember that since the exterior product symbol 1\ is omitted between forms, d4 means d 1\ A . Anticipating that in a gauge where either ftA = A and 1tA = 0, or 1tA = A and itA = 0, only some of the resulting equations are independent, we will not write out all the self-dual components of F, but rather illustrate the procedure, since the algebra is straightforward.
Consider the element dydz of the self-dual basis given in Eq. (24). Two of the four possible equations that result from setting the self-dual components of F equal to zero are (ftd)(ftA)
If propagation is constrained to lie in a~plane having v I! as a tangent vector, this propagation law is integrable (the vector 'P will return to its original value after propagation around a closed path). (II) To make use of Ward's observations, note that in general the curvature 
and the projection operators 1t and ft, the latter defined by 1tW = 1t( wydy +wjdy + wzdz + widi) = wydy + wzdz ftoo = oojdy + OOidi.
These constitute the residuum of independent relations in the chosen representation or gauge.
To show how these two representations arise, we will need to use the theorem of Frobenius ( 12) 
These operators obey the relations
Equations (32a) and (33a) therefore imply that 1t2 = 1t, ft2 = ft, ft + 1t = 1, ft1t = 0 1t8 = 8ft, ft8 = 81t.
The last two relations can be verified by operating on the I-form 00; note that in general 1t, ft, and 8 operate on I-forms. When applied to the exterior derivative d, the operations 8, 1t, and ft 
d('PM) = ftd('PM) + nd('PM). (38)
The second term on the RHS is zero by the first of Eqs. (37), while the first term is
Now, the first term on the RHS of Eq. (39) vanishes by the second of Eqs.
(37) so that 
The Representation 1'I'A= A, "ITA = 0
Here, we begin with 
The Equations of Belavin and Zakbarov
Here, we combine the first pair of Eqs. (34) to obtain Again, letting 'PI = 'PN and comparing with d'Pl = 'PIAI,
Dropping the prime, in this choice of gauge nA = A, ftA = O.
The Equations of Ueno and Nakamura
In the representation ftA = A, nA = 0 the requirement that the self- 
And Eq. (56) is equivalent to Eq. (4). Here itA = 0 so that diAl -dyA2 = 0 again yields Eq. (5).
To see that Eqs. (4) and (56) 
For consistency with Ling-Lie Chau et ai. (13) we define
group G identified with the "gauge group" and its associated Lie algebra, g.
It is the interpretation of the gauge potential as a connection form with an associated covariant derivative operator that leads to the strong geometrical content of gauge theory.
In the case of the gauge fields described by the equations of Belavin and
Zakharov and Deno and Nakamura, the gauge potential [Eq. (25) 
A GENERALIZED FORM OF TIlE ERNST EQUATION
For the important case of axial symmetry, the Einstein field equations of general relativity can be reformulated in terms of a complex function E, independent of azimuth. Emst ( 4) 
Noting the definitions given in Eqs. (17), dy = dXl + i dx" Ay = AXl +i Ax, , etc., Eqs. (62) can be written as 
where D and V are, respectively,the four-dimensional Laplacian and gradient operator for Euclidean space.
Equation (68) g £SL (n, C); introduction of an inner product such that ('P', 'P') = ('P, 'P) implies that gg t = 1 (g is unitary), while a restriction to orthonormal bases ('Pa, 'lip) =~pmeans that A is anti-Hermitian.
